Abstract: This paper contributes a scheme for solving linear optimal control problem in systems run by Volterra integral equations. At first, the original optimal control problem of Volterra integral equations is transformed into an integral problem via the Pontryagins maximum principle, and then, we applied homotopy analysis method (HAM) to solve the integral problem. The proposed method is compared with other methods. Numerical results show that the HAM method is more powerful and faster.
Introduction
The purpose of development of the theory of optimal control was originally dealing with controlled ordinary differential equations systems [1] . Ordinary differential equations cannot adequately describe many physical, biological, technological, and socio-economic problems. Volterra integral equations can describe a broad category of systems. A class of systems of controlled Volterra integral equations (VIEs) can model systems of controlled integro differential equations (IDEs) or controlled ordinary differential equations [2, 3] .
To solve OCPs governed by VIEs different techniques have been suggested during the past two decades. Some studies, for example, can be mentioned such as the Schmidt's methods [4, 5] , Belbas and Schmidt [6] and Belbas [7, 8] . In this paper, we are going to solve Volterra optimal control problems. To do so, we applied the HAM method to solve the problem. This method has been successfully applied to solve many types of problems [9, 10] . HAM is a powerful and easy tool to use and does not require small parameters in equations. In addition, it includes the h auxiliary parameter which provides a simple way for us for adjusting and controlling the convergence region solution series. This paper includes the following parts: The Volterra optimal control problem and some elementary related results are stated in section 2. Section 3 is devoted to description of the HAM method. In section 4, we discuss about the convergence analysis of the method. In Section 5, we demonstrate the accuracy of the method by considering two test examples. Section 6 consists of conclusion.
Statement of the problem
Consider a controlled Volterra integral equation of the form
In such system, x(t) equals the n-dimensional continuous state function, and u(t) equals the m-dimensional piecewise continuous control function in a region U,
It is assumed that x(a) is fixed. In this paper, we consider the following optimal control problem: 
It is well known that the extremum principles give necessary conditions for an optimal pair *) *, ( u x of the problem (3), so in the paper we adopt that the following conditions are satisfied: i) There is the continuity of the function f for all s, t with t s  , together with some Lipschitz conditions to guarantee the existence solution of equation (3), [11] .
ii) The partial derivatives f x and f u exist and are continuous, and for all t, s with , 
Basic idea of HAM
Given the following equation,
where N is a non-linear operator, u(t) is an unknown function and t represents independent variable. By generalizing the traditional homotopy method, the so-called zero-order deformation equation is constructed by Liao [13] . 

The series equation (6) converges at q = 1, if the auxiliary linear operator, the initial guess, the auxiliary parameter h, and the auxiliary function are suitably adopted, then and we have
which based on Liao [9] , is one of solutions of the original non-linear equation. As
which is frequently applied in the method of homotopy perturbation [14] . Based on (7), the zero-order deformation 
Convergence Analyses
In this part, we show that, the HAM solution series (8) is convergent and it must be the solution of the suggested problem. Theorem 1: When the series
is convergent, if the high-order deformation equation (11) under the definitions (12) and (13) 
Applications
For assessing the accuracy and the advantages of HAM to solve optimal control problems of Volterra integral equations, the following examples will be considered. In all of the test problems, the initial control has been set to zero. All the computations have been done with Mathematica software. We use the following notations in the Tables:  SD: Steepest Descent method, SDN1: Hybridization of Steepest Descent and two-step Newton method stated at Eqs. (12) based on Peyghami et al. [15] , SDN2: Hybridization of Steepest Descent and two-step Newton method are stated at Eqs. (13) in that study [15] . Let us set: 
Differentiating Eq.(32) m times with respect to the embedding parameter q and then setting q = 0 and finally dividing them by m!, we obtain the following mth-order Table1. Table 2 provides the errors between the exact solution u* and approximate solution u, which is obtained from 3th-order HAM for h = -0.3035728986424, with the following formula:
The obtained values for J* from 3th-order HAM are given in Table 3 . For a proper value of h, the h-curves of u(t) generated by 4th-order HAM approximation, is extracted in Figure 5 
Conclusions
In this paper, the homotopy analysis method was proposed to solve an optimal control problem of Volterra integral equations. The comparison of the results obtained from the HAM method with the other solutions shows that the present method is effective and powerful. Illustrative examples have been given to show the applicability and validity of the method. We can choose the auxiliary parameter h to be optimal to guarantee the convergence of series solution. 
